Introduction
Let A be a commutative ring and let X be an A-module endowed with some topology. A set {x i } i∈I of elements of X is called a set of topological generators of X if the sequential closure of the submodule of X generated by this set coincides with X . A set of topological generators is called a topological basis if for every j ∈ I and every non-zero a ∈ A ax j doesn't belong to the sequential closure of the submodule generated by {x i } i =j .
Let I be a countable set. If {x i } is set of topological generators of X then every element x ∈ X can be expressed as a convergent sum a i x i with some a i ∈ A (note that it is not necessarily the case that for all a i ∈ A the sum a i x i converges). This expression is unique if {x i } is a topological basis of X ; then provided addition in X is sequentially continuous, we get
Recall that in the one-dimensional case the group of principal units U 1,F is a multiplicative Z p -module with finitely many topological generators if char (F ) = 0 and infinitely many topological generators if char (F ) = p (see for instance [FV, Ch. I §6] ). This representation of U 1,F and a certain specific choice of its generators is quite important if one wants to deduce the Shafarevich and Vostokov explicit formulas for the Hilbert symbol (see section 8).
Similarly, the group V F of principal units of an n-dimensional local field F is topologically generated by 1 + θt i n n . . . t i 1 1 , θ ∈ µ q−1 (see subsection 1.4.2) . This leads to a natural suggestion to endow the Milnor K -groups of F with an appropriate topology and use the sequential convergence to simplify calculations in K -groups.
On the other hand, the reciprocity map
is not injective in general, in particular ker(Ψ F ) ⊃ l 1 lK n (F ) = 0. So the Milnor K -groups are too large from the point of view of class field theory, and one can pass to the quotient K n (F )/ l 1 lK n (F ) without loosing any arithmetical information on F . The latter quotient coincides with K top n (F ) (see subsection 6.6) which is defined in subsection 6.3 as the quotient of K n (F ) by the intersection Λ n (F ) of all neighbourhoods of 0 in K n (F ) with respect to a certain topology. The existence theorem in class field theory uses the topology to characterize norm subgroups N L/F K n (L) of finite abelian extensions L of F as open subgroups of finite index of K n (F ) (see subsection 10.5). As a corollary of the existence theorem in 10.5 one obtains that in fact
However, the class of open subgroups of finite index of K n (F ) can be defined without introducing the topology on K n (F ), see the paper of Kato in this volume which presents a different approach.
K -groups of one-dimensional local fields
The structure of the Milnor K -groups of a one-dimensional local field F is completely known.
Recall that using the Hilbert symbol and multiplicative Z p -basis of the group of principal units of F one obtains that
Sequential topology
We need slightly different topologies from the topology of F and F * introduced in section 1.
Definition. Let X be a topological space with topology τ . Define its sequential saturation λ: a subset U of X is open with respect to λ if for every α ∈ U and a convergent (with respect to τ ) sequence X ∋ α i to α almost all α i belong to U . Then
Hence the sequential saturation is the strongest topology which has the same convergent sequences and their limits as the original one. For a very elementary introduction to sequential topologies see [S] .
Definition. For an n-dimensional local field F denote by λ the sequential saturation of the topology on F defined in section 1.
The topology λ is different from the old topology on F defined in section 1 for n 2: for example, if F = F p ((t 1 )) ((t 2 )) then Y = F \ t Let λ * on F * be the sequential saturation of the topology τ on F * defined in section 1. It is a shift invariant topology.
If n = 1, the restriction of λ * on V F coincides with the induced from λ.
The following properties of λ ( λ * ) are similar to those in section 1 and/or can be proved by induction on dimension.
Properties.
(
(4) multiplication is not continuous in general with respect to λ * ; (5) every fundamental sequence with respect to λ (resp. λ * ) converges; (6) V F and F * m are closed subgroups of F * for every m 1; (7) The intersection of all open subgroups of finite index containing a closed subgroup H coincides with H .
Definition. For topological spaces X 1 , . . . , X j define the * -product topology on X 1 × · · · × X j as the sequential saturation of the product topology.
K top -groups
Definition. Let λ m be the strongest topology on K m (F ) such that subtraction in K m (F ) and the natural map It is straightforward to see that Λ m (F ) is a subgroup of K m (F ).
Properties.
Since the topology with V K m (F ) and its shifts as a system of fundamental neighbourhoods satisfies two conditions of the previous definition, one obtains that
Following the original approach of Parshin [P1] introduce now the following: F ) and endow it with the quotient topology of λ m which we denote by the same notation.
Explicit pairings
Explicit pairings of the Milnor K -groups of F are quite useful if one wants to study the structure of K top -groups.
The general method is as follows. Assume that there is a pairing of two Z/m-modules A and B. Assume that A is endowed with a topology with respect to which it has topological generators α i where i runs over elements of a totally ordered countable set I . Assume that for every j ∈ I there is an element
Then if a convergent sum c i α i is equal to 0, assume that there is a minimal j with non-zero c j and deduce that
If, in addition, for every β ∈ B \ {0} there is an α ∈ A such that α, β = 0, then the pairing , is obviously non-degenerate.
Pairings listed below satisfy the assumptions above and therefore can be applied to study the structure of quotients of the Milnor K -groups of F .
"Valuation map".
Let
for a system of local parameters t 1 , . . . , t n of F . The valuation map v doesn't depend on the choice of a system of local parameters.
Tame symbol.
Define
Here the map F * q → µ q−1 is given by taking multiplicative representatives. An explicit formula for this symbol (originally asked for in [P2] and suggested in [F1] ) is simple: let t 1 , . . . , t n be a system of local parameters of F and let v = (v 1 , . . . , v n ) be the associated valuation of rank n (see section 1 of this volume). For elements α 1 , . . . , α n+1 of F * the value t(α 1 , α 2 , . . . , α n+1 ) is equal to the (q − 1) th root of unity whose residue is equal to the residue of Define, following [P2] , the pairing
by ( F is the map defined in the section, Some Conventions)
where the i th ghost component
n dα n ). For its properties see [P2, sect. 3] . In particular,
where as usual for a field K
Vostokov's symbol in characteristic 0.
Suppose that µ p r F * and p > 2. Vostokov's symbol
is defined in section 8.3. For its properties see 8.3.
Each pairing defined above is sequentially continuous, so it induces the pairing of K top m (F ). F ) . Using the tame symbol and valuation v as described in the beginning of 6.4 it is easy to deduce that
Structure of
with appropriate integer a(m), b(m) (see [FV, Ch. IX, §2] ); similar calculations are applicable to K top m (F ). For example, Z a(m) corresponds to ⊕ {t j 1 , . . . , t j m } with 1 j 1 < · · · < j m n.
To study V K m (F ) and V K top m (F ) the following elementary equality is quite useful
For ε, η ∈ V F one can apply the previous formula to {ε, η} ∈ K top 2 (F ) and using the topological convergence deduce that
with units ρ i = ρ i (ε, η) sequentially continuously depending on ε, η.
is topologically generated by symbols
It remains to apply property (3) in 6.2.
Structure of K top (F ). II
This subsection 6.6 and the rest of this section are not required for understanding Parshin's class field theory theory of higher local fields of characteristic p which is discussed in section 7. The next theorem relates the structure of V K top m (F ) with the structure of a simpler object. 
Theorem 1 ([F5, Th. 4.6]). Let char (K
Its kernel is equal to the subgroup of V K m (F ) generated by symbols {u, . . . } with u in the group 1 + M F which is uniquely divisible. So Proof of Theorem 1. Recall that every symbol {α 1 , . . . , α m } in K top m (F ) can be written as a convergent sum of symbols {β J , t j 1 , . . . , t j m−1 } with β J sequentially continuously depending on α i (subsection 6.5). Hence there is a sequentially continuous map f : V F × F * ⊕m−1 → J V F such that its composition with g coincides with the restriction of the map ϕ:
. So the quotient of the * -topology of J V F is λ m , as follows from the definition of λ m . Indeed, the sum of two convergent sequences x i , y i in J V F /g −1 (Λ m (F )) converges to the sum of their limits.
is open in the * -product of the topology J V F . Indeed, otherwise for some J there were a sequence α (i)
Then the properties of the map ϕ of 6.3 imply that the sequence ϕ(α
and is a divisible group.
Proof. Bloch-Kato-Gabber's theorem (see subsection A2 in the appendix to section 2) shows that the differential symbol
is injective. The topology of Ω m F induced from F (as a finite dimensional vector space) is Hausdorff, and d is continuous, so
Theorem 3 ([F5, Th. 4.7] 
We can assume that µ p is contained in F applying the standard argument by using (p, |F (µ p ) : F |) = 1 and l-divisibility of V K m (F ) for l prime to p.
If r = 1 then one can use Bloch-Kato's description of
in terms of products of quotients of Ω
and its quotients are finite-dimensional vector spaces over K n−1 /K p n−1 , so the intersection of all neighborhoods of zero there with respect to the induced from K n−1 topology is trivial. Therefore the injectivity of d implies Λ m (F ) ⊂ pK m (F ).
Thus, the intersection of open subgroups in
Induction
Step. For a field F consider the pairing
given by the cup product and the map F * → H 1 (F, µ p r ). If µ p r ⊂ F , then BlochKato's theorem shows that ( , ) r can be identified (up to sign) with Vostokov's pairing
One can show [F5, Lemma 4.7 
From the induction hypothesis we deduce that
where i F/L is the natural map. Keeping in mind the identification between Vostokov's pairing V r and ( , ) r for the field L we see that β is annihilated by i F/L K n+1−m (F ) with respect to Vostokov's pairing. Using explicit calculations with Vostokov's pairing one can directly deduce that
and therefore α ∈ p r K m (F ), as required.
To prove the second statement we can assume that l is a prime. If l = p, then since K 
We deduce that px ∈ Λ m (F ) implies px ∈ p r K m (F ), so x = {ζ p }·a r−1 +p r−1 b r−1
for some
The group D = ∩D r is the kernel of ψ. One can show [F5, proof of Th. 4.7] that {a r } is a Cauchy sequence in the space K 2. For more properties of K top m (F ) see [F5] . 3. Zhukov [Z, §7-10] gave a description of K top n (F ) in terms of topological generators and relations for some fields F of characteristic zero with small v F (p).
6.7. The group K m (F )/l 6.7.1. If a prime number l is distinct from p, then, since V F is l-divisible, we deduce from 6.5 that
where d = gcd(q − 1, l).
6.7.2.
The case of l = p is more interesting and difficult. We use the method described at the beginning of 6.4. If char (F ) = p then the Artin-Schreier pairing of 6.4.3 for r = 1 helps one to show that K top n (F )/p has the following topological Z/p-basis: gcd(i 1 , . . . , i n ), 0 < (i 1 , . . . , i n ) < p(e 1 , . . . , e n )/(p − 1), l = min {k : p ∤ i k }, where θ runs over all elements of a fixed basis of K 0 over F p .
If ζ p ∈ F * , then pass to the field F (ζ p ) and then go back, using the fact that the degree of F (ζ p )/F is relatively prime to p. One deduces that K top n (F )/p has the following topological Z p -basis:
where θ runs over all elements of a fixed basis of K 0 over F p .
The norm map on
Alternatively in characteristic p one can define the norm map as in 7.4. 6.8.1. Put u i 1 ,...,i n = U i 1 ,...,i n /U i 1 +1,...,i n .
Proposition ([F2, Prop. 4 .1] and [F3, Prop. 3.1] 
..,pj s +r s ,...,j n +r n ,L → u j 1 +pr 1 ,...,j s +r s ,...,j n +pr n ,F sends θ ∈ K 0 to −θθ 
6.8.3.
Theorem 4 ( [F2, §4] , [F3, §3] ). Let L/F be a cyclic extension of prime degree l with a generator σ then the sequence 
